Abstract. We give a self-dual t-structure on the derived category of R-constructible sheaves over any Noetherian regular ring by generalizing the notion of t-structure.
Introduction
Let X be a complex manifold and let D b C-c (k X ) be the derived category of sheaves of k-vector spaces on X with C-constructible cohomologies. Here k is a given base field. Then the t-structure
C-c (k X ) with middle perversity is self-dual with respect to the Verdier dual functor D X = RH om ( • , ω X ). Namely, the Verdier dual functor exchanges p D 0 C-c (k X ) and p D 0 C-c (k X ). However, on a real analytic manifold X (of positive dimension), any perversity does not give a self-dual t-structure on the derived category D b R-c (k X ) of R-constructible sheaves on X. In this paper, we construct such a self-dual t-structure after generalizing the notion of t-structure. This generalized notion already appeared in the paper of Bridgeland on stability conditions ( [2] ). (See also [4] .) This construction can be also applied to the derived category D b coh (A) of finitely generated modules over a Noetherian regular ring A. We construct a (generalized) t-structure on D b coh (A) which is self-dual with respect to the duality functor RHom A ( • , A).
Let us explain our results more precisely in the example of D b R-c (k X ). Let X be a real analytic manifold. Recall that a sheaf F of k-vector space is called R-constructible if X is a locally finite union of locally closed subanalytic subsets {X α } α such that all the restrictions F | Xα are locally constant with finite-dimensional fibers. Let D Then, the pair ( 1/2 D Z such that s − 1/2 < c s.
This paper is organized as follows. In Section 1, we generalize the notion of a tstructure. In Section 2, we recall the result of [4] on a t-structure on the derived category of a quasi-abelian category. In Section 3, we give the t-structure associated with a torsion pair on an abelian category.
In Section 4, we give a self-dual t-structure on the derived category of coherent sheaves on a Noetherian regular scheme.
In Section 5, we define two t-structures on the derived category of the abelian category of R-constructible sheaves of A-modules on a subanalytic space X. Here A is a Noetherian regular ring. One is purely topological and the other is self-dual with respect to the Verdier duality functor.
In Section 6, we study the self-dual t-structure on the derived category of the abelian category of sheaves of A-modules on a complex manifold X with C-constructible cohomologies. The main result is its microlocal characterization (Theorem 6.2).
Convention. In this paper, all subanalytic spaces and complex analytic spaces are assumed to be Hausdorff, locally compact, countable at infinity and with finite dimension.
(Generalized) T-structure
Since the following lemma is elementary, we omit its proof. Lemma 1.1. Let X be a set.
(i) Let (X c ) c∈R be a family of subsets of X such that X c = b>c X b for any c ∈ R.
Set X <c := b<c X b . Then we have (a) X <c = b<c X <b , (b) X c = b>c X <b . (ii) Conversely, let (X <c ) c∈R be a family of subsets of X such that X <c = b<c X <b for any c ∈ R. Set X c := b>c X <b . Then we have (a) X c = b>c X b , (b) X <c = b<c X b . (iii) Let (X c ) c∈R and (X <c ) c∈R be as above. Let a, b ∈ R such that a < b. If X <c = X c for any c such that a < c b, then X a = X b .
Let us recall the notion of t-structure (see [1] ). Let T be a triangulated category. Let T 0 and T 0 be strictly full subcategories of T . Here, a subcategory C ′ of a category C is called strictly full if it is full, i.e. Hom C ′ (X, Y ) = Hom C (X, Y ) for any X, Y ∈ C ′ , and any object of C isomorphic to some object of C ′ is an object of C ′ . For n ∈ Z, we set
(1.1)
We shall generalize this notion. 
Note that under conditions (a)-(c), the distinguished triangles in (d) are unique up to a unique isomorphism.
If (T c ) c∈R , (T c ) c∈R is a generalized t-structure, then the pairs (T c , T >c−1 ) and (T <c , T c−1 ) are t-structures in the original sense for any c ∈ R. Hence, T c ∩ T We have distinguished triangles functorially in X ∈ T :
−−→ and
These four functors are called the truncation functors of the generalized t-structure (T c ) c∈R , (T c ) c∈R . For any a, b ∈ R, we have isomorphisms of functors:
, and
In the last formula, we can replace τ a with τ >a or τ b with τ <b . For any c ∈ R, we have
We set T c := T c ∩ T c . Then T c is a quasi-abelian category (see [2] and [6] ). More generally, for a b, we set
is regarded as a generalized t-structure by
for n ∈ Z such that n c < n + 1,
Hence, a t-structure is nothing but a generalized t-structure such that T 0 = T <1 and
In the sequel, we call a generalized t-structure simply a t-structure.
In the examples we give in this paper, the t-structures also satisfy the following condition:
(e) for any c ∈ R we can find a and b such that a < c < b and
More precisely, in the examples in this paper, we can take a = max s ∈ Z.
T-structure on the derived category of a quasi-abelian category
For more details, see [4, § 2] .
Let C be a quasi-abelian category (see [6] ). Recall that, for a morphism f :
Let C(C) be the category of complexes in C, and D(C) the derived category of C (see [6] ). Let us define various truncation functors for X ∈ C(C):
for n ∈ Z. Then we have morphisms functorial in X:
Z such that s t. We can easily check that these functors τ s , τ s : C(C) → C(C) send the morphisms homotopic to zero to morphisms homotopic to zero and the quasi-isomorphisms to quasi-isomorphisms. Hence, they induce the functors
Z is an increasing sequence of strictly full subcategories of D(C), and {D s (C)} s∈ 1 2 Z is a decreasing sequence of strictly full subcategories of D(C).
Z satisfies s c < s + 1/2,
Z satisfies s − 1/2 < c s.
We call it the standard t-structure on D(C). The triangulated category D(C) is equivalent to the derived category of the abelian category
is equivalent to C. If C is an abelian category, then the standard t-structure is:
T-structure associated with a torsion pair
Let C be an abelian category. A torsion pair is a pair (T, F) of strictly full subcategories of C such that    (a) Hom C (X, Y ) = 0 for any X ∈ T and Y ∈ F, (b) for any X ∈ C, there exists an exact sequence 0 → X ′ → X → X ′′ → 0 with X ′ ∈ T and X ′′ ∈ F.
Let (T, F) be a torsion pair. Then we have
Moreover, T is stable under taking quotients and extensions, while F is stable under taking subobjects and extensions.
For any integer n, we define
For any c ∈ R, we define p D c (C) and p D c (C) by (2.1). Since the following proposition can be easily proved, we omit the proof.
We have
Moreover, D(C) is equivalent to the derived category of the abelian category
Self-dual t-structure on the derived category of coherent sheaves
Let X be a Noetherian regular scheme. Let D X be the duality functor
Recall that, for any coherent O X -module F , its codimension is defined by
Here we understand codim(0) = +∞. We set
Then they satisfy Definition 1.2 (a). Remark that we have
We have also
and only if we have
Proof. We shall use the results in [3] . Let us define the systems of support
Then it is enough to show that
Indeed, one has
and hence [3, Theorem 5 .9] along with (4.1) implies that
Let us show (4.1) Assume that Z ∈ Φ i ∩ Ψ j with i + j = n. Then we have
and hence codimZ n. Conversely assume that codimZ n. Then take an integer i such that i codimZ/2 − c < i + 1. Then we have i > codimZ/2 − c − 1 and
Proof. It follows from [3] . Indeed, the pair
0 by the proof of the preceding proposition.
(iv) follows from Corollary 4.3 and
Let A be a Noetherian regular ring and X = Spec(A). We write D 
Assume that A is a Noetherian regular integral domain of dimension 1, and K the fraction field of A. Let C = Mod coh (A). We take as T ⊂ C the subcategory of torsion A-modules, and as F the subcategory of torsion free A-modules. Then the t-structure (
) c∈R associated with the torsion pair (T, F) (see § 3) coincides with the t-structure (
for any n ∈ Z. Let F be the quasi-abelian category of finitely generated torsion free A-modules. A subanalytic stratification X = α∈I X α of X is a locally finite family of locally closed smooth subanalytic subsets {X α } α∈I (called strata) such that the closure X α is a union of strata for any α. A subanalytic stratification X = α∈I X α is called good if it satisfies the following condition:
Let X = α∈I X α and X = α∈I ′ X ′ β be two stratifications. We say that X = α∈I X α is finer than X = β∈I ′ X ′ β if any X α is contained in some X ′ β . The following fact guarantees that there exist enough good stratifications:
For any locally finite family {Z j } j of locally closed subsets, there exists a good stratification such that any Z j is a union of strata.
A regular subanalytic filtration of X is an increasing sequence 
Proof. Indeed, 
5.2.
Self-dual t-structure : R-constructible case. As in the preceding subsection, X is a subanalytic space and A is a Noetherian regular ring. Let D X be the duality functor
where codim(F x ) denotes the codimension of Supp(F x ) ⊂ Spec(A). Hence if X = α X α is a subanalytic stratification with connected strata and F | Xα is locally constant for any α, then we have
where x α is a point of X α . We understand mod-dim 0 = −∞.
We set
Note that, when A is a field, they coincide with
R-c (A X ) and c ∈ R. Let X = α X α be a subanalytic stratification such that K| Xα has locally constant cohomologies. Then the following conditions are equivalent;
(A) for any α and x ∈ X α .
Proof. (a)⇔(c) It is obvious that
The last condition is equivalent to
(b)⇔(c) (b) is equivalent to the condition:
which is equivalent to the condition:
It is obviously equivalent to (c).
locally constant cohomologies. Then the following conditions are equivalent:
Proof. Let i α : X α → X be the inclusion. On the other hand, we have i
which is again equivalent to (i
. By the preceding lemma, it is equivalent to the condition: dim
We shall prove the following theorem in several steps.
. It is obvious that it satisfies conditions (a) and (b) in Definition 1.2. Let us show (c).
Proof. Let us take a good regular subanalytic filtration of X
such that K and L have locally constant cohomologies on each
Hence it is enough to show that
It follows from Corollary 4.3 and (i
We have the distinguished triangle 
. Indeed, by the uniqueness of such a distinguished triangle, we have K 1, 2) . Then, embedding this morphism into a distinguished triangle
−−→, we obtain the desired distinguished triangle.
(iii) By (i) and (ii), there exist an increasing sequence of open subsets {U n } n∈Z 0
. Let i n : U n → X be the inclusion. By the uniqueness of such distinguished triangles, we have K
, that is, the third term of a distinguished triangle
Here f is given such that the following diagram commutes for any a ∈ Z ' 0 :
Finally we shall complete the proof of Definition 1.2 (d).
such that K has locally constant cohomologies on each
We may assume that
• X k is a smooth subanalytic space of dimension k. We shall prove that
there exists a distinguished triangle
have locally constant cohomologies for j > k.
by the descending induction on k.
−−→ be a distinguished triangle as in (5.2.9) k . Let j : X \ X k → X \ X k−1 be the open embedding and i :
By Lemma 5.7, there exists a distinguished triangle
Finally we embed the composition
Let us show that
Applying the functor i ! to (5.11), we obtain a distinguished triangle
By the distinguished triangle (5.10), we have
By the octahedral axiom for triangulated category, we have a diagram
and a distinguished triangle
−−→ .
This completes the proof of Theorem 5.5.
Recall the full subcategory of D
(ii) Let us show the following statement:
Let U 1 and U 2 be open subsets of X such that X = U 1 ∪U 2 , and
Then K satisfies the desired condition. 
R-c (A X ) such that K| Un ≃ K n (n ∈ Z 0 ). The proof is similar to proof of Lemma 5.7. Let j n : U n → X be the open inclusion, and let j n ! K n → j n+1 ! K n+1 be the morphism induced by the isomorphism
R-c (A U ) is a stack on X. Proposition 5.10. Let f : X → Y be a morphism of subanalytic spaces, and
(ii) follows from (i) by the duality.
Similarly, (iv) follows from (ii).
We shall give relations between the two t-structures: (
The following conditions are equivalent:
(ii) The following conditions are equivalent:
Lemma 5.12. Let X and Y be subanalytic spaces.
Proof. Let X = α X α and Y = β Y β be good subanalytic stratification such that K| Xα and L| Y β are locally constant. Then we have (
(A) for x ∈ X α and y ∈ Y β . Hence by Proposition 4.4 (iv), we have
6. Self-dual t-structure: complex analytic variety case 6.1. Middle perversity in the complex case. Let X be a complex analytic space. We denote by dim C X the dimension of X. Hence we have dim C X = (dim X R )/2 where X R is the underlying subanalytic space. For a complex submanifold Y of a complex manifold X, we denote by codim C Y the codimension of Y as complex manifolds. We sometimes write d X for dim C X.
Let D The type can be calculated by the vanishing cycle functor. If we take a holomorphic function such that f | Y = 0 and df (x 0 ) = p, then we have
Here, x 0 ∈ X is the image of p by the projection T * X → X, and ϕ f is the vanishing cycle functor from D 
